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Abstract 

We generalize multivariate hook product formulae for P-partitions. 
We use Macdonald symmetric functions to prove a (g, f)-deformation 
of Gansner's hook product formula for the generating functions of 
reverse (shifted) plane partitions. (The unshifted case has also been 
proved by Adachi.) For a d-complete poset, we present a conjectural 
(q, t)-deformation of Peterson-Proctor's hook product formula. 



1 Introduction 

R. Stanley [H] introduced the notion of P-partitions for a poset P, and 
studied univariate generating functions of them. A P -partition is an order- 
reversing map from P to the set of non-negative integers N, i.e., a map 
a : P ^ N satisfying the condition: 

a X < y in P, then (t{x) > cr{y). 

Let A{P) denote the set of all P-partitions. 

Typical examples of P-partitions are reverse plane partitions and reverse 
shifted plane partitions. If A is a partition, then its diagram 

D{X) = {{z,j)eZ':l<j<X,} 



can be viewed as a poset by defining {i,j) > {k, I) ii i < k and j < I, and the 
resulting poset is called a shape. A P-partition for this poset P = D{X) is a 
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reverse plane partition of shape 

7ri,i 7ri_2 

7r2,l 7^2,2 

satisfying 

whenever both sides are defined. If is a strict partition, then its shifted 
diagram 

5(/i) = {(z,j)eZ2:z<j</i, + 2-l} 

is also a poset called a shifted shape, and a S'(/i)-partition is a reverse shifted 
plane partition of shifted shape n, which is an array of non-negative integers 

0"1,1 Cri,2 0"1,3 Cn.Ail 
(^2,2 0'2,3 ••• (^2,^l2 + l 

satisfying 

whenever both sides are defined. 

E. Gansner [1] considered multivariate (trace) generating functions for 
reverse (shifted) plane partitions. Let P be a shape or a shifted shape. To 
each P-partition a, we associate a monomial defined by 

(i,i)eP 

where Zk {k G Z) are indeterminates. This weights a by the sums of its 
diagonals. To state Gansner's hook product formulae, we introduce the no- 
tion of hooks for shapes and shifted shapes. For a partition A and a cell 
{i,j) G -D(A), the hook at {i,j) in P'(A) is defined by 

HDix){t,j) = {(^, j)} u {{t, I) e D{\) ■.l>j} 

U{ik,j)eD{\):k>z}. (1) 

For a strict partition fj, and a cell (i, j) G 5'(/i), the shifted hook at (i, j) in 
S{fi) is given by 

i^5(M)(«,j) = {(^,j)}U{(z,/) G5(/i) :/>j} 
U{{k,j) eS{fi):k>i} 

U{ij + l,l)eSiii):l>j}. (2) 



A, which is an array of non-negative integers 
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For a finite subset H dl?, we write 

z[H]= n (3) 

Gansner |1] used the Hillman-Grassl correspondence to prove the following 
hook product formulae. (See also [T3].) 

Theorem 1.1. [H Theorems 5.1 and 7.1] Let P be a shape D{\) or a shifted 
shape S{^). Then the multivariate generating function for A{P) is given by 

The first aim of this paper is to prove a [q, t) deformation of Gansner's 
hook product formulae. Let q and t be indeterminates and put 

i=0 ^ 

for non-negative integers n and m. And we use the notation 

F{x-q,t)=^^^, (6) 

where (a; g)oo = nj>o(-'^ ~ '^^*)- -'■^ ^^^^ Q = then fq^g{n;m) = 1 and 
g, g) = 1/(1 — x). Our main theorem is the following: 

Theorem 1.2. (a) Let A be a partition. We define a weight W£)(A)(cr; g, 
of a reverse plane partition tt G .A(iI'(A)) by putting 

W^D(A)(vr;g,t) 

J^J J^J fq,t{'^i,j '^i—m,j—m~lj'IT^)fq,t{'^i,j '^i—m-l,j—m]1^) 

(7) 

where we use the convention that Tik^i = 0if/i;<0or/<0. Then we 
have 

H^D(A)(vr;g,t)2;''^W= J] F{z\Hr>ix){v)]-q,t). (8) 

7re.4(D(A)) De-D(A) 
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(b) Let /i be a strict partition. We define a weight Ws(^) (cr; q, t) of a reverse 
shifted plane partition a G A{S{ii)) by putting 



fq,tiS^i,j ^ i—m,j —m—li ^) fq,t{_^i,j ^t— m— m; ^) 



n n 



{i,j)eS{^i) m>0 '^i-mj-m','^) fqA'^iJ <^i-m-lj-m-l, ITT') 

i<j 

, , , , fq,t{^i,i ~ <^i-2m-l,i-2m', '^^) fq,t{<^i,i — <^i~2m~2,i-2m-l', 2m + 1) 

X 



n n 



r ■^^c■^ ^ >n fqA'^i,i ~ Crj-2m,j-2m; "^TTl) fqA'^i,i " '^i-2m-2,i-2m-2', 2m + 1) 

(9) 

where crfc,; = if /c < 0. Then we have 

WsU^;q,t)z'^'-''^ = W F{z[HsUv)]-q,t). (10) 

Note that there are only finitely many terms different from 1 in the prod- 
ucts in ([7]) and If we put q = t, then fg^g{n;m) = 1 and all weights 
Wp{a]q,q) are equal to 1, so Theorem 11.21 reduces to Gansner's hook prod- 
uct formula (Theorem ll.il) . 

S. Adachi [1] proves the formula ([8]) by generalizing the argument of |15] . 
We give a similar but more transparent proof. If A is a rectangular partition 
{r'^), then reverse plane partitions of shape (r^) can be viewed as plane par- 
titions by rotating 180°, and the formula ([8]) gives Vuletic's generalization 
of MacMahon's formula p31 Theorem A]. O. Foda et al. [3l |2] uses fermion 
calculus to re-derive the Schur (g = t) and Hall-Littlewood (g = 0) case of 
Vuletic's generalization. 

Gansner's hook product formulae are generalized to other posets than 
shapes and shifted shapes. R. Proctor [TOl HI] introduced a wide class of 
posets, called d-complete posets, enjoying "hook-length property" and "jeu- 
de-taquin property," as a generalization of shapes and shifted shapes. And 
he announced [12] that, in collaboration with D. Peterson, he obtained the 
hook product formula for (i-complete posets, but their formulation and proof 
are still unpublished. K. Nakada [7] gives a purely algebraic proof to a hook 
product formula equivalent to Peterson-Proctor's formula. The second aim of 
this paper is to present a conjectural (g, t)-deformation of Peterson-Proctor's 
multivariate hook formula. 

This paper is organized as follows. In Section [21 we use the theory of Mac- 
donald symmetric functions to give a generating function for reverse shifted 
plane partitions with prescribed shape and profile. Section |3] is devoted to 
the proof of our main theorem by using the result in Section [2l In Section HJ 
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we consider d-complete posets and give a conjectural (g, t)-deformation of 
Peterson-Proctor's hook formula. 



2 Reverse shifted plane partitions of given 
shape and profile 

In this section, we give a generating function for reverse shifted plane parti- 
tions of given shape and profile, from which our main theorem (Theorem II ■2p 
follows. Our approach is based on an observation made in A. Okounkov et 
al. EE]. 

Let /i be a strict partition of length r and a a reverse shifted plane 
partition of shape fi. We put 

Cr[0] = ((Tr,r, 0-r-l,r-l, " " " , (72,2, 0^1,1) 

and call it the profile of a. And we associate to a a weight Vs'(^)(cr; g, t) 
defined by 

J^J J^J fg.ti'^ij ^i-m,j-m—l] fqjti'^i.j ^i-m—l,j-mj1^) 

i<j 

^ J^J J^J fq,tis^i,i CTj-m— m! ^) (11) 

Here we use the convention that ak,i = if < or /c > /, so only finitely 
many terms in the product over m are different from 1. For a partition r, 
we denote by ^(S'(/i), r) the set of reverse shifted plane partitions of shape 
/i and profile r. 

Theorem 2.1. Given strict partition of length r, let be such that A^ > 
Hi. Let h'^ be the complement of in [A"] = {1, 2, • • ■ , A^}, i.e., {/ii, ■ ■ ■ , /irjU 
{hI, /i2, ■ ■ ■ , /iAr_r} = W]- Let r be a partition of length < r. Then we have 

where the product is taken over all pairs (A;, /) satisfying /i^ < and 

Zq = 1, Zk = ZqZi ■ ■ ■ Zk_i {k> 1). 
And Qt{x] q,t) is the Macdonald symmetric function. 



5 



Here we recall the definition of Macdonald symmetric functions. (See [HI 
Chap. VI] for details.) Let A be the ring of symmetric functions in x = 
{xi,X2, • ■ ■ ) with coefficients in a field of characteristic 0, which contains q, t 
and formal power series in z^s. Define a bilinear form on A by 



i=l 



where p\ is the power-sum symmetric function. Then |6i Chap. VI, (4.7)] 
there exists a unique family of symmetric functions P\{x\q.t) G A, indexed 
by partitions, satisfying the following two conditions: 

(i) P\ is a linear combination of monomial symmetric functions of the form 

-Pa = mx + '^MA,/.m^, 

Ai<A 

where < denotes the dominance order on partitions. 

(ii) If A ^/i, then (Pa,P,.) = 0. 

Then the Pa's form a basis of A. The Macdonald Q functions Qx{x\ q,t) are 
the dual basis of Pa, i-e.. 

We use operator calculus on the ring of symmetric functions A to show 
Theorem 12.11 We denote by Qn the Macdonald symmetric function 
corresponding to a one-row partition (n). Let and g~ be the multiplication 
and skewing operators on A associated to Qn respectively. They satisfy 

9nih) = 9nh, {9n{h), f) = {h, Qnf) 

for any f, h E A. We consider the generating functions 

oo oo 
n=0 n=0 

Also we introduce the degree operator D{y) defined by 

Diy)Px = z/I'IPa. 

For a strict partition /i and a partition r, we put 

RsMA^;q,t) = Yl Vsi^){a-q,t)z''^''\ 
(Te^(5(At),T) 
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Fix a positive integer satisfying N > ni and define a sequence e = 
(ei, ■ ■ ■ , £7v) of + and — by putting 




+ if is a part of /i, 
— if A; is not a part of fi. 



The first step of the proof of Theorem 12.11 is the following Lemma. 
Lemma 2.2. In the ring of symmetric functions A, we have 

5^ ^s(M),r(^; q, t)Prix; q.t) 

T 

= Dizo)G'^il)Diz^)G''il)Diz2)G'%l) ■ ■ • G^--(l)Z}(^^_i)G^-(l)l, 
where r runs over all partitions of length at most the length of fi. 

For example, if /z = (6, 5, 2) and = 6, then e = (— , +, — , — , +, +) and 

5^ RsM,r{z; q, t)Pr{x; q, t) 

T 

= D(^o)G-(l)D(^i)G+(l)D(^2)G-(l)D(^3)G-(l)D(^4)G+(l)D(^5)G+(l)l. 

Proof. For a map a : S{^) — t- N (or an array of non-negative integers of 
shape n) and an integer k {0 < k < N), we define the kth trace a[k] to be 
the sequence (■ ■ ■ , cr2^k+2, obtained by reading the k-th diagonal from 

SE to NW. For example, a reverse shifted plane partition 

1 2 3 3 
a= 12 3 3 3 
2 4 

has traces 

a[0] = (2, 1, 0), a[l] = (4, 2, 0), a[2] = (3, 1), a[3] = (3, 2), 
(t[4] = (3,3), a[5] = (3), a[6] = 0. 

For two partitions a and (3, we write a >- (3 if ai > f3i > a2 > (32 > ■ ■ ■ , i.e, 
the skew diagram a/P is a horizontal strip. Then it is clear from definition 
that a map a : S{fi) — ?■ N is a shifted reverse plane partition if and only if 
each a[k] {0 < k < N) is a partition and 

a[k — 1] ^ o-[k] if €k = +, 
cr[k - 1] -< cr[k] if Ek = -■ 
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In the above example, we have 

a[0] -< a[l] y a[2] -< a[3] -< a[A] y a[5] y a[Q]. 

A key ingredient is the Fieri rule for Macdonald symmetric functions. For 
two partitions a and /3 satisfying a >- (3, we put 



(12) 



(13) 



Then the Fieri rule [6l Chap. VI, (6,24)] can be stated as follows: 

ay/3 

where a in the first summation (resp. (3 in the second summation) runs over 
all partition satisfying a >- f3 (resp. /3 -< a). (In [6], Chap. VI, (6.24)], the 
coefficients V^^^ = ^Pa,i3 and ^p'^ ^ ~ V'a,/? are given in terms of arm and leg 
lengths, but it is not hard to rewrite them in the form f|T2|) by using fq^m, n) 
defined by See also P Chap. VI, 6, Ex. 2].) And the weight function 
V5(/^)(cr; g,t) is expressed in terms of f^isi^^^) 

N 

fc=i 

Now the claim of Lemma easily follows by induction on /ii. □ 

The second step is to rewrite the composite operators on the right-hand 
side of Lemma 12.21 by using some commutation relations. 

Lemma 2.3. Let /i*^ be the strict partition formed by the complement of fi 
in [N], i.e., 

{/ii, ■ ■ ■ , /ij U {/i^, ■ ■ ■ , J = [N]. 

Then we have 

D{zo)G''il)Diz^)G'''il)Diz,)G'%l)---G'-'-{l)DizN-i)G'H^) 

r N-r 

= n F{S;}S,-q,t)l[G+{S,,)l[G-iz,.)DiSM), 

tJ.'j.<IJ-i k=l 1=1 

where the first product is taken over all pairs (A;, /) satisfying fil < fii. 
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Proof. By the Fieri rule f lT5]) . we have 

D{z) o G+{u) = G+{zu) o D{z), 
D{z) o G-{u) = G'{z-\) o D{z). 

Also we have 

D{z)oD{z') = D{zz'). 
By using these relations, we move D{zi)^s to the right and see that 

D{zo)G'^{l)D{zi)G"^{l)D{z2)G'%l)---G'^-^{l)D{zN-i)G'^l) 

= G^^Czl^)G^-^C4-) ■ ■ ■ G^-iz%-)Di~z^), 

where z~^ = z and z~ = z~^. 

By the same argument as in [HI Chap. Ill, 5, Ex. 8] for Hall-Littlewood 
functions, we can show that 

G-{u) o G+{v) = F{uv] q, t)G+{v) o G-{u), 

where F(x; q,t) is defined by ([6]). (Details are left to the reader.) It follows 
from this commutation relation that 

G'^{zl')G'''{z'2^) ■ ■ ■ G'^ {z^"") 

r N—r 

= n F{z;}z,-q,t)l[G^z,,)l[G-{~z,c). 

t^1<IJ-i k=l 1=1 

□ 

Now we are in position to finish the proof of Theorem 12.11 
Proof of Theorem 12. IL It follows from Lemmas 12.21 and 12.31 that 

r N—r 

J2RsMA^;q,t)PAx-q,t)= n F{S;}z,-q,t)l[G+{~z,jl[G-iz,c)Dizr,)l. 
By definition, we have -0(2^)1 = 1 and G^{u)l = 1, so we see that 

r 
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Since the generating function of gn{x] q,t), where x = {xi,X2, ■ ■ ■ ), is given 
by (see % Chap. VI, (2.8)]) 

oo 

^ gn{x; g, t)^" = JJ F{xiU; g, t), 

n=0 i 

we have 

r 

Xl^-s(M),r(2;;g,t)Pr(x;g,t) = JJ F(5;^5^,;g,t) JJ JjF(x,5^,;g,t). 
It follows from the Cauchy identity [SI Chap. VI, (4.13)] that 

r 

YlYlF{xiZf,^;q,t) = ^Q^(5^,,-- - , z^,^; q,t)Pr{x; q,t). 

k=l i T 

Hence we see that 

^ Rs(t^),Tiz■, q, t)Pr{x; g, t) 

T 

= n ^(^?^^i^n(l^'t)^Qr{z^^,--- ,z^/,q,t)Pr{x;q,t). 
Equating the coefficients of Pt{x; q,t) completes the proof. □ 



3 Proof of Theorem 11.2 



In this section, we derive Theorem 11.21 from Theorem 12.11 If we put 

then we have (see P Chap. VI, (4,12) and (6.19)]) 

Qr{x; q, t) = br{q, t)Pr{x; q, t). 

Proof of Theorem 11.21 (b). First we prove our (g, t) deformation for shifted 
shapes. By comparing ^ and fllip . for a reverse shifted plane partition cr of 
shifted shape /z, we have 



Kiq,t) 



Wsi,){(r-q,t) = -^j^VsU^;q,t), 
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where r = a[0] is the profile of a and 

j — i is even 

with the product taken over all i and j such that i < j and j — i is even. 
Hence it follows from Theorem 12.11 that 

(T€A{S{fj.)) 



By applying the Schur-Littlewood type formula [6, Chap. VI, 7, Ex. 4 (ii)] 

bf{q,t) 
br{q,t) 



^ rr^'^rla;; g, t) = JJ F{xi; q, t) Y[ F{xiXj; q, t), 



i<j 

we see that 

r 

On the other hand, we can compute the monomial z[Hs(^){i, j)] asso- 
ciated to the shifted hook Hs(^){i,j) at (i, j) G 5'(/i). By using the fact 
that the length of column j (j > r) of the shifted diagram S{fj,) is equal to 
j - fJ-h-j+i, we have 

2[^5(/.)(^,j)] = ^ if«<j = r. 



=-1 



t^N-j+ 



^z^^ ifz<r<j. 



Noticing that (i, j) G S{fi) if and only if /Xj > fj,%_j_^_i foTl<i<r<j<N, 
the desired product has been obtained. □ 
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Proof of Theorem 11.21 (a). Next we show the (g, t)-deformation for shapes. 
For a given partition A, let r = ^{i : Aj > z} be the number of cells on the 
main diagonal of -D(A) and define two strict partitions /i = (/ii, ■ ■ ■ and 
1/ = (i/i,-- - ,z/^) by 

yUi = Ai - 2 + 1, Vi = %-i + l (1 < i < r), 

where *A is the conjugate partition of A. Also we put 

xq = zl^"^, Xk = Zk {k> 1), 

1 /2 

yo = , Vk = z-k {k > 1). 

Then a reverse plane partition tt G A{D{X)) is obtained by gluing two reverse 
shifted plane partitions a G A{S{fi)) and p G ^(^(z/)) with the same profile 
r = a[0] = p[0], and 

W^i?(A)(vr;g,t) = -^^J—^Vs[^,){(J]q,t)Vs(y){p] q,t). 



Hence it follows from Theorem 12.11 that 

7re^(D(A)) 



vl<vi 



Now applying the Cauchy identity [HI Chap. VI, (4.13)], we obtain 

7r6^(D(A)) 

r 

= n ^(^^^MP?'^) n ^(%%;^'^) n 

Mfe<M! ^fc<'^i «.i=i 
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On the other hand, the monomial z[Hjj(^x){h j)] associated to the hook 
HD{x)ihj) at e D{X) is given by 

{x^,,yu, iil<i,j<r, 
x-l_^^ x^^ if 1 < « < r < J, 
y-L+iy-^^ if 1 < J < r < ^. 

This completes the proof of Theorem 11.21 □ 

Theorem 11.21 (a) can be also obtained from Theorem 12.11 by specializing 
r = 0. 



4 (g, t)-deformation of Peterson— Proctor's hook 
formula 

In this section we give a conjectural (g, t)-deformation of Peterson-Proctor's 
hook formulae for ci-complete posets. 

First we review the definition and some properties of ci-complete posets. 
(See [ini [H])- For > 3, we denote by dk{l) the poset consisting of 2/;; — 2 
elements with the Hasse diagram shown in Figured! For example, c?3(l) is 




i 



Figure 1: Double-tailed diamond dk{l) 

isomorphic to the shape D{{2,2)), while ^4(1) is isomorphic to the shifted 
shape 5'((3,2, 1)). The poset dk{l) is called the double-tailed diamondposet. 
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Let P be a poset. An interval [w,v] = {x E P : w < x < v} is called a 
dk-interval if it is isomorphic to (ifc(l). Then w and v are called the bottom 
and top of [w^v] respectively, and the two incomparable elements of [w,f] 
are called the sides. If > 4, then an interval [w,v\ is a d'^ -interval if it is 
isomorphic to the poset obtained by removing the maximum element from 
(ifc(l). A c/J-interval [w\x,y\ consists of three elements x, y and w such that 
w is covered by x and y. (Precisely speaking, a cij-interval is not an interval, 
but we use this terminology after Proctor [TOt flT]-) 

A poset P is d-complete if it satisfies the following three conditions for 
every A; > 3: 

(Dl) If / is a (i^-interval, then there exists an element v such that v covers 
the maximal elements of / and / U {v} is a dfc-interval. 

(D2) If / = [w, v] is a (ifc-interval and the top v covers u in P, then u E I. 

(D3) There are no (i^-intervals which differ only in the minimal elements. 

It is clear that rooted trees, viewed as posets with their roots being the 
maximum elements, are d-complete posets. And it can be shown that shapes 
and shifted shapes are (i-complete posets. 

Proposition 4.1. (^lO^ §3]) Let P be a c/-complete poset. Suppose that P 
is connected, i.e., the Hasse digram of P is connected. Then we have 

(a) P has a unique maximal element vq. 

(b) For each v E P, every saturated chain from v to the maximum element 
vq has the same length. Hence P admits a rank function r : P — t- N 
such that r{x) = r{y) + 1 if x covers y. 

Let P be a poset with a unique maximal element. The top tree T of 
P is the subgraph of the Hasse diagram of P, whose vertex set consists of 
all elements x G P such that every y > x is covered by at most one other 
element. 

Proposition 4.2. ([11] Proposition 8.6]) Let P be a connected d-complete 
poset and T its top tree. Let / be a set of colors whose cardinality is the 
same as T. Then a bijection c : T — )■ / can be uniquely extended to a map 
c : P — / satisfying the following four conditions: 

(CI) If X and y are incomparable, then c(x) 7^ c{y). 

(C2) If X covers y, then c(x) 7^ c{y). 
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(C3) If an interval [w^v] is a chain, then the colors c{x) (x G are 
distinct. 

(C4) If [w,v\ is a (ifc-interval then c{w) = c{v). 
Such a map c : P — t- / is called a d-complete coloring. 

Example 4.3. In the case of shapes and shifted shapes, ci-complete colorings 
are given by contents. 

(a) Let A be a partition. Then the top tree of the shape -D(A) is given by 

T = {{z, l):l<t<X}U {(1, j) : 1 < J < Ai} 

and the content function c : -D(A) — )■ {— *Ai + l, ■ ■ ■ , —1, 0, 1, ■ ■ ■ , Ai — 1} 
defined by 

is a d-complete coloring. 

(b) If /i is a strict partition with length > 2, then the top tree of the shifted 
shape S{fi) is given by 

T = {(l,j):l<J</^i}U{(2,2)}, 

and a (i-complete coloring c : S{fi) — )■ {0, 0', 1, 2, ■ ■ ■ , /ii — 1} is given 
by 

{j -i if i < j, 
if i = j and i is odd, 
0' if i = j and i is even. 

Figure |2] illustrates the top trees and (i-complete colorings of the shape 
D((5,4,3,l)) and the shifted shape S'((7, 6, 3, 1)). The top tree consists of 
the nodes denoted by o. 

Let P be a connected rf-complete poset and c : P — > / a d-complete 
coloring. Let Zi {i G /) be indeterminates. For a P-partition a G A{P), we 
put 

For example, if we use the d-complete colorings given in Example 14. 3[ the 
monomial z^^^'^^ is the same as z'^ for a reverse plane partition a G A{D{\)), 
while, for a reverse shifted plane partition a G A{S{jj,)), is obtained 

from by putting zq = Zql Instead of giving a definition of hooks Hp{y) 
for a general d-complete poset P, we define associated monomials z[Hp{vy\ 
directly by induction as follows: 
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Figure 2: Top trees and d-complete colorings 
(a) If V is not the top of any c?fc-interval, then we define 

z[Hp{v)] = Yl Zc{yj)- 



W<V 



(b) If V is the top of a dfc-interval then we define 

_ z[Hp{x)]-z[Hpiy)] 

^ '^ ^^ 4HA^] ' 

where x and y are the sides of [w,v]. 

It is easy to see that, for shapes, this definition of z[Hd{x){v)] is consistent 
with the definition ([1]) and ([3]) given in Introduction. And, for shifted shapes, 
the monomial z[Hs{^){v)] defined above reduces to the monomial z[Hs{fi){v)] 
defined by ([2]) and ([3]), if we put zq = zqi. 

Now we are ready to state our conjectural (g, t)-deformation of Peterson- 
Proctor's hook formula. Let P be a connected d-complete poset with the 
maximum element fo, and the rank function r : P — )■ N. Let T be the top 
tree of P. Take T as a set of colors and c : P — )■ T be the d-complete coloring 
such that c{y) = v for all v E T. Given a P-partition a G A{P), we define a 
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weight Wp{a]q,t) by putting 
Wpia-q,t) 

n fqA^^i^) 

x,y£P 
s.t. x<y,c{x)r^c{y) 

s.t. x<y,c{x)=c{y) 

(14) 

where c(x) ~ c(?/) means that c(x) and c(?/) are adjacent in T, and 

r(|/)-r(a;)-l r(?/) - r(a;) 
d{x,y) = , e{x,y) = . 

Note that, if c(x) ~ c{y), then r{y) — r(x) is odd, and, if c(x) = c{y), then 
r(?/) — r(x) is even, hence d{x,y) and e{x,y) are integers. 

If we consider the extended poset P = P U {1}, and its top tree T = 
T U {1}, where 1 is the new maximum element of P and 1 is adjacent to Vq 
in T, then the weight Wp{a] q, t) can be expressed in the following form: 

Wpia;q,t) 

n fqA^i^) - ^iy)'^d{x,y)) 

x,y(iP 
s.t. x<y,c{x)^c{y) 

n fq,M{^) - (^iy)i y))fq,t{(r{x) - a{y); e{x, y) - 1) 

x,y(^P 
s.t. x<y, c{x)=c{y) 

(15) 

where c : P ^ T and o" : P — t- N are the extensions of c and a defined by 
c(l) = 1 and (t(1) = respectively. 

Conjecture 4.4. Let P be a connected d-complete poset. Using the nota- 
tions defined above, we have 

^ Wp{a-q,t)z'^ = l[F{z[Hp{v)];q,t). (16) 

aGAiP) v€P 

If we put q = t, then Wp(o"; q,q) = 1 and P(x; g, g) = 1/(1 — x), hence 
Conjecture 14.41 reduces to Peterson-Proctor's hook formula (see [7]). 
Our main theorem (Theorem II. 2p supports Conjecture 14.41 



- a{y);d{x,y)) JJ fq^t{a{x); e{x,Vo)) 
xeP 

s.t. c{x)=vo 
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Proposition 4.5. (a) Conjecture 14.41 is true for shapes. 



(b) Conjecture 14.41 is true for sliifted sliapes. 

Proof. First we check that the expressions ([7]) and ([9]) coincide with ([1] 
Let (T be a reverse shifted plane partition of shape fi. Then, by noting the 
convention that (7^ ^ = for A; < 0, the expression can be rewritten as 



Wsif,){(r;q,t) 



i-2 



■j^J J^J fq,t{pij (^i—mj—m-l] ITT') fq,t{'^i,j (^i-rn-l,j -m'l ITl) 

(ij)(zs{^) m=0 flA'^^'i ~ '^i-m,j-m'i f^) f q,t{'^i,j — O'i-m-lJ-m-l, ^) 

i<j 



X 



/• }^ a> n fqA^i,i " (^i~2m,i-2m\ 2m) fg^ticXi^i - Cri_2m-2,i-2m-2 ; 2m + 1) 

i is odd 

^ fq,Mi,i'^^- 1) 

fqA^i,i ~ '^1,1; ^ ~ 1) 

j/2— 2 

^ J-l- J-l- fqA^i,i ~ '^i-2m-l,i-2m'i 2m) fq^t{(yi,i — C"i-2m-2,i-2m-l i 2m + 1) 



i is even 

X 



Q fqA^i,i ~ '^i-2m,i-2m] 2m) /g^j (cTj_j — 0'i-2m-2,i-2m-2] 2m + 1) 

fqA^i,i ~ '^1.2; ^ - 2) 
fqA^i,i ~ '^2,2; ^ - 2) 



This expression can be transformed into ([HI). Similarly, we can show that 
the expression ([7]) is the same as f|T^ for shapes. 

Now (a) follows from Theorem 11.21 (a). To prove (b), we use the d- 
complete coloring given in Example 14.31 (b) and modify the proof of Theo- 
rem [T?2] (b), which corresponds to the case of Zq = Zqi. (This modification is 
due to M. Ishikawa [5].) For a partition r, we denote by o(r) the number of 
columns of odd length in the diagram of r. Since we have 

T-i + r3 + ■ ■ ■ = ]-{\t\ + o(r)), r2 + r4 + ■ ■ ■ = \{\t\ - o(r)). 
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the monomial associated to cr G A[S{^ii)) is given by 

( — I ^^((t) j£ ^^^^ Jg gyg^^ 

\(kl-oM)/2 
— zt'-W if /(/i) is odd, 

where r = cr[0] is the profile of cr. We appeal to Warnaar's generalization of 
the Schur-Littlewood type identity jTB] (1.18)] 

E ^""-^^TT^Qrix- g, t) = n ^(«^- 9-^) n 

t i<j 

Replacing a, Xi by a^^'^, a^^'^x]^'^ , or a~^/^, a^^^xy^ , respectively, we obtain 

^ ^(|.|-oM)/2^;Mg^(^. = JJ ^.(3;. Yl F{ax,x,- q, t). 

We use these identities with a = zq' / Zq together with Theorem 12.11 to derive 
flTB]) for P = S{fi), by the argument similar to the proof of Theorem 11.21 (b). 
□ 



Proposition 4.6. Conjecture 14.41 is true for rooted trees. 

Proof. Let T be a rooted tree with root vq. Then z[Ht{v)] = Y[w<v 
the weight function ( TTll) reduces to 

Wt{ct; q,t)= J] UMx) - a{y)- 0) ■ /,,t(a(t;o); 0), 

x,y£P 
s.t. y covers x 

because T itself is the top tree. 

We proceed by induction on the number of vertices in the tree T. Since 
it is obvious for #T = 1, we may assume #T > 1. Let fi, ■ ■ ■ , f r be the 
children of Vq, and Ti, ■ ■ ■ , be the rooted subtrees of T with roots f i, ■ ■ ■ , ir- 
respectively. Then there is a natural bijection 

S ■ A{Ti) X ■ ■ ■ X A{Tr) X N — ^ A{T), 
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which associates to (tti, ■ ■ ■ , tt^, /c) G A{Ti) x ■ ■ ■ x A{Tr) x N, the T-partition 
TT G A{T) defined by 



7rj(f) + k if V eTi, 
k if t> = Vq. 



tt{v) ■ 

Under this bijection S, we have 

r r 

Wrin; q, t) = f,^t{k; 0) J] Q, t), = z[Tf J] z^^ . 

i=l i=l 

Hence we have 

By using the binomial theorem 

^ U,t{k- Q)z[Tf = F{z[T]-q, t) = F{z[Ht{vo)]; q, t), 

k>0 

and the induction hypothesis 

J2 WTA^,-q,t)z^^ = \[F{z[HTXv)];q.t), 

we can complete the proof. □ 

Acknowledgements. The author is grateful to Professor Masao Ishikawa 
for providing a proof of Proposition 14.51 (b). 
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